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We consider a relativistic superalgebra in the picture in which the time and spatial derivative 
cannot be presented in the operators of the particle. The supersymmetry generators as well as the 
Hamilton operators for the massive relativistic particles with spin zero and spin- 1/2 are expressed 
in terms of the principal series of the unitary representations of the Lorentz group. We also consider 
the massless case. New Hamilton operators are conctructed for the massless particles with spin zero 
and spin 1/2. 
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I. INTRODUCTION 



(N 

o 
o 

The aim of the present paper is to construct a relativistic supersymmetry algebra in the generalized Schrodinger 
picture which has been proposed in . In this generalization the analogue of Schrodinger operators of the particle 
are independent of both time and space coordinates t, x. The derivatives dt and Vx cannot be presented in these 
operators. This picture is based on the principal series of the unitary representations of the Lorentz group. The 
non unitary representations are not useful in the generalized Schrodinger picture. For a supersymmetric model in 
\ this approach it is necessary to develop a new mathematical formalism in which the supersymmetry generators are 
expressed in terms of the principal series of the spacetime independent representations of the Lorentz group. 

The principal series correspond to the eigenvalues 1 + — A^, (0 < a < c», A — — s, ...,s, s = spin)) of the 
first Ci = — J^, (N, J are boost and rotation generators) and the eigenvalues aA of the second Casimir operator 
J — C2 = N • J of the Lorentz algebra . For a particle with spin zero as the eigenf unctions of Ci in the momentum 

CsJ r representation (p = momentum, po = + p'^, m=mass) one can choose the functions (we use here the notation 

' of references M) 



O 



> 



CW(p,«,n) = --_-[(pn)/m]-i+-, (1.1) 



O: C(°)(p,«,n) = ^^[(pn)/m]-i+- 

' where n is a vector on the light-cone Uq — — 0. For a particle with spin-1/2 the eigensolutions of both operators 
^ ^ Ci and C2 may be written in the form 

^ ' where 

U(V^)(p,n)^^" + 7''"-/P""\ i?t(i/2)(p^„)^(i/2)(p^„)^l^ (1.3) 

and the matrix £'(^/^)(n) contains the eigenfunctions of the operator a ■ n (£'^(1/2) (n)!)^^/^) (n) = 1). 

From the point of view of a supersymmetric model the matrices Z?'-'^/^) (p, n) Z?'-'^/^) (n) in ( |l.2| ) and 
Dt(i/2)(n)Dt(i/2)(p^n) in 

^t(l/2) („)^t(l/2) (p^ „)^ll/2) (p^ ^ ^(0) (p^ (14) 

may be regarded as matrices which realize supersymmetry transformations. In this paper we use these matrices to 
construct a supersymmetry algebra in terms of the group parameter a and the vector on the light-cone n. The paper 
is set out as follows. First we quote the necessary results from the Poincare algebra for the particles with spin zero 
and spin-1/2 in the an representation. In the third section in this representation the supersymmetry generators are 
constructed. In the fourth section the massless case is considered. In this section the supersymmetry generators will 
be used for the construction of the Hamilton and momentum operators for the massless particles with spin zero and 
spin 1/2 in the an representation. 
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II. THE POINCARE ALGEBRA 



The plane waves ~ exp[— ixp] in the states in the generahzed Schrodinger picture appear in different representations. 
There is no x representation. Consequently, the spatial derivative — iVx cannot be used to construct the Hamilton and 
the momentum operators of the particle. For these operators in this approach one must use a spacetime independent 
representation. Here for the massive relativistic particles with spin zero and spin-1/2 we use the following operators. 
In H] it was shown that the functions (n = (sin cos sin 61 sin cos 6')) 

r(°)(p,a,n) = ^_L^[(pn)/m]-i— , (2.1) 

are the eigenfunctions of the differential-difference operators (L(n) :— L) 

= m[cosh(i^) + - sinh(i^) + ^ exp(i^)], (2.2) 
oa a oa 2a^ oa 

= n[i7("' - m exp(i ^)] - exp(z^). (2.3) 

oa a oa 

These operators satisfy the conditions 

r '"^ (P, «, n) = po r^"^ (P, a, n), p(") T ^"^ (p, «, n) = p C^"^ (p, a, n). (2.4) 

In in order to construct the Hamilton and the momentum operators P^^/^) for a relativistic particle with 

spin 1/2 in the an representation the functions (^^^/■^■' (p, a, n) are the eigenfmictions of Ci) 

et(V2)(p,«,n) ^^t(i/2)(p^n)^*(o)(p^^^„)^ (2.5) 

and the conditions 

ij(i/2) ^t(i/2) n) ^ ^t(i/2) (p^ „^ p(i/2) ^t(i/2) (p^ a,n) = p ^^(^2) (p, a, n), (2.6) 
were used. The operators iJ^^/^) and P^^/^' have the form (j(^/^' = L + (7/2) 



rra/2) m.,a(a + z) + (j(i/2))2 a, a-f , .5, a-L + 1. 
^ ^ T ^ / 2 /i^ ^ exp I— + 1- exp -z— - 1 , 

p(i/2) ^ n[i7(i/2) _ ^ exp(i ^)] + m[ 



(2.7) 



aa'' '2{a + i/2) 
2Q(nxL) + (of — i/2)nx(7 + (n(T)L d 

2(^2 + 1/4) ''''P^'a^^J- ^^-^^ 

If in addition to and P(") (s=0,l/2) we use the operators of the Lorentz algebra 

J(°):=L, N(°) = an+ (n X L -L X n)/2, (2.9) 

J(i/2)=L+|, N(i/2) =an+(nx j(i/2) _j(i/2) xn)/2, (2.10) 
then we have the Poincare algebra in the spacetime independent a n representation 

[N^'\P^'^] = t6,,H^'\ [Pt\H'^'^] = 0, [H^'\nI'^] = -zPf (2.11) 

[Pt\P^'^] = 0, [jt\H(^^] = 0, [/^(^\ Jj^)] = ^e,,,Pt'\ (2.12) 
[A^f\ivf]=-*..,.4^\ [N^'\Ji'^]^^e.,,Njf\ (2.13) 
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For this reason the operators iJ^''^ P^"^ and H'^^/'^\ pt^/^) in the generalized Schrodinger picture can be indenti- 
fied with the Hamilton and momentum operators for the massive relativistic particles with spin zero and spin-1/2, 
respectively. 

In order to define the Hamilton and the momentum operators for the spin-1/2 particle one can also use the functions 



(p, a, n) = i?t(i/2) (n)^t(i/2) (p^ 

On the basis of these functions 

^(i/2)^t(i/2)(p^^^„) =Po?(^/^^(p,a,n), p(V2)ft(i/2)(p^^^„) ^p^~t(i/2)(p^^^„)^ 

where 

j^(l/2) ^ Z?t(l/2)(n)^(l/2)^(l/2)(„)^ p(l/2) ^ Z?t(l/2)(n)p(l/2)^(l/2)(j^)^ 

In the Poincare algebra in this case instead of J(V2)^ ^{1/2) 

we have 

j(l/2) ^ ^t(l/2)(n)j(l/2)^(l/2)(^)^ ^(1/2) ^ ^t(l/2)(„)N(l/2)D(l/2)(n). 



(2.14) 
(2.15) 
(2.16) 
(2.17) 



Bellow we use P("\ J(°),N(") and H^^f^^ p(i/2)^ j(i/2)^ n(i/2) construct the supersymmetry generators. 



III. SUPERSYMMETRY GENERATORS 

In 1^ the Hamilton operator ijt^/^) was constructed with help of the operator 



id. i(T-L 
2cosh(- — ) - — — --exp(- — , 



-2 9a' {a-i/2) '^'2 da' 



(3.1) 



This operator was obtained by means of replacing in the matrix (■\/2(po + to))-D^'-"'"/^-' (p, n) the quantity pq by ij'"^ 
and the quantities p by P'"^ 



ft(V2)(p,«,„)^5 



r|"Hp,«,n) 

v/2(po + m) 



Another operator for which 



KB = 2iH^"^ +m), BK = 2iH^^/^'> +m), 



has the form 



, — „ , ,i d . 2i i d . ia -h id. 

K^VTn 2cosh(- — ) + — smh -— ) + exp(- — 

2 oa a 2 oa a 2 oa 



Introducing the operators 



we obtain 



KB ^2{H'-"^ +m), BK = 2{H^-^/'^'^ 



(3.2) 



(3.3) 



(3.4) 



(3.5) 



(3.6) 



Considering the eigcnfunctions of ij'*'' and iJ^^/^) as superpartner one can define B and K as operators which realize 
the following supersymmetry transformations 



i3r'"Hp,«,n) = V2(P0 + m)e^(i/2)(p,a,n) 



(3.7) 



ifCt(i/2)(p^^^n) ^ ^2(po+m)r^°^(p,a,n). 
Using the anticommuting operators 



(3.8) 
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we have the relations 



^ 1^0/'^ K-iB 



Qi^ = Q2^ = 2{H + m), 



[H,Q,]=0, [H,Q2]=0, 



where 



With help of Qi, Q2 and 



H 







N(i/2) 

one can construct other supersymmetry generators. The generators 

Qli '■= [Ql, Ji], Q2i ■= [Q2,Ji], 

may be expressed in the form 



Q 



li 



J) aiK/2 \ 

-Bcji/2 ; 



, Q2i — 



iaiK/2 \ 



iBail2 



from which we can find that (r = 1,2) 



and for i j k 



{Qri, Qrk} = -{H + m)Sik, 



[Qrl, Jl] = -^Qr, [H, Qri] = 0, 



For the commutators [Qi,Ni] and [Q2,Ni] 

[Qi,Ni]:=Gu, [Q2,Ni]:=G2i, 

we obtain the relations 

{Gri, Grk} = —{H — m)dik, 



(3.9) 
(3.10) 



(3.11) 



(3.12) 
(3.13) 

(3.14) 

(3.15) 

(3.16) 



{Qr,Gri} — —2l j ^ J5(l/2) 



pf- 



:= -2iPi, 



and (i ^ 2 ^ k) 



[H,Gri]=0, [P,Qri]=0, [P,Gri]=0, [Grl, N^] = - -Q^ 



% % % 

\f^ri'j^j\ ~ "^^ijkQrki {^ri-} ^j] ~ "^^ijk^rki [Qrii-^j] ~ "^^ijk^rk- 



(3.17) 



(3.18) 



We write down the explicit form of Gu 
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Gli 



^M[(.gl.)^2 + (5iOr2]^<'/'Hn) 



where 



[iiVf ^ + (a X NO)i] , i d 



2a 



(3.19) 



i d 



(3.20) 



and 



la 



i 

(n X ^)*]exp(-2^)' 



(3.21) 



. ^_ [-ini - (n X CT)i] , i d 
i9uhi = ^ ^"P(-2 9^)- 



(3.22) 



The supersymmetry generators which are inroduced in this section giv e a con nectio n be tween the states for the 
massive particles. The mass in the exphcit form appear in the Eqs., (3^), ( 3.12 ) and ( |3.16 ) in the operator product 
exp(— |^)exp(^^). For the mass-zero particles we must exclude this term. 



IV. MASSLESS CASE 



In order to construct the supersymmetry generators for the mass-zero particles we separate B and K in two parts 



corresponding to the operators exp{^-^) and exp(— |t^), respectively 



id -Jj , 

(«-*/2)' 



exp(^l^), i5-^V7I^ta/.(„)exp(4|-), 



(4.1) 



a + I + I 



d-L 



Z.'^/^)(n)exp(4|-). 



(4.2) 



With help of these operators one can construct two types of representations of the supersymmetric generators: rep- 



resentations with 5+, and representations with B , K . In (O) ) and { \L^ ) we have introduced a constant /i 
with dimension of mass in order to deal with dimension operators. 

Let us first s tart with the case of B^, A'+. In we replace B by i?+ and K by K^. The results can be obtained 
from formulas (3.9) to (3.18 ) by substituting 



Qr^Qt, Qr^^Qt^ = [Qt , J^], G„-^G+ = [Q+ TV,], 



(4.3) 



^'''[-B+a,/2 )' '^'^-[^DW^){n)[igu)t,] 



From 



and 



Q+^-2f<'"' ]-2H- 



{Qr jG^} ^ -2l I p+(l/2) I •= ^2iPoj, 
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we obtain the operators (the expHcit form of -Poi'"'^'' ^oi'^^^^^ given in the Appendix) 

+(0) _ a(a + z)+L2 e^vU — ) 



5+(i/2) 



_ a(a + ») + (J(i))^ exDfi — ) 



which satisfy the conditions 



(^0 



(0)^2 



+ (0)n2 



0, (i/o+('/'V- (PfT''''')' =0, 



+ (1/2)n2 



and the commutation relations of the Poincare algebra. Instead of the Eqs., (3.12) and (3.16) we have 



{Q+ , Q+J = ~H+6,k, {G+ , G+ } = -i/o+<5. 



(4.4) 
(4.5) 

(4.6) 
(4.7) 



-\-(s) +(s) 

and one can consider , Pq as the Hamilton and momentum operators for the mass-zero particles. 

In order to go over to the case with K~ and , we must replace in Qr, Qri, Gri the generator B by B^ and the 
generator K by K~ . From and 



^ (7,K-/2 
-B-a,/2 



1 Gii 



VM[(5H)r2]^('/'Hn) 



we obtain 



with 



gr =2H^, {Qr,G-} = -2*p- 



2a 



Ho'"' = e-P(-*^)> H,^'^"^ = exp(-z£:), 



2(a-|)^ 



d_ 

da' 



For these operators we also have the conditions 



-(1/2) 



-(1/2) 



(^0 



(0)n2 



-(l/2)^2 



-(1/2)x2 



0, 



and the commutation relations of the Poincare algebra. Additionally, 

{Qrv Qrk) = -H^Sik, {G~^, G,7j,} = -H^Sik, 

[Ho,G-]^0, [Po-,Q-]=0, [Po-,G;J=0. 
For the eigenfunctions of i?Q and Pg '•'^^ we may choose {—oo < 7 < 00) 

5'^^°-'(q!, n, 7, n ) = exp(— 7 + iaj)S{n — n ). 



/na 



(4.8) 

(4.9) 

(4.10) 

(4.11) 

(4.12) 
(4.13) 

(4.14) 



Here the eigenvalues of Hq are determined by ko — fi^, and the eigenvalues of Pg by k = kon . For the 
eigenfunctions of Hq and Pq ^^^^^ we have 



(0) 



*"(^/^)(a,n,7,n') = B 



_^ -W(a,n,7) 
V2hi 



(4.15) 



With help of Q~ Q~ and G" , one can find other eigenfunctions of Hq , Pg . 

If w e w ith B^ + B~ and + K~ return to the massive particles one can find that in this case the mass in the 
Eqs., (3_^), ( 3.12 ) and ( 3.16 ) may be expressed through the constant /i for the massless particles. Particularly, for the 
particles with spin zero 



and for the mass 



ij(0) =i/g+(")+ffg-W, 



m = {K+B- + K-B+)/2 = fi. 



(4.16) 
(4.17) 
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V. CONCLUSION 



We have shown that in the generahzed Schrodinger picture a relativistic superalgebra may be constructed by using 
the principal series of the unitary representation of the Lorcntz group. In the construction the Poincare algebra 
for the massive particles with spin zero and spin-1/2 in terms of the invariant parameter a and the vector on the 
light-cone n was used . In this representation we found the explicit form of the supersymmetry generators. For the 
massless case we have used two types of representations of the supersymmetry generators to construct new Hamilton 
and momentum operators for such particles with spin zero and spin-1/2. 
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APPENDIX: MOMENTUM OPERATORS 



The momentum operators for the massless case in (4.6) may be written as follows 



P+(")=nff+(")-Miexp(zA)NW, 
a oa 



(Al) 



i + (l/2) 



+ (1/2) 



-ui?t(i/2) . . 2a(nxL) + (a - »/2)nxa + {na)L ^,^,^ exp(z — )1 
^ W 2(^2 + 1/4) ^ Wexp^z^^jj. 
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